We recalculate the leading relativistic corrections for the ground electronic state of the hydrogen molecule using variational method with explicitly correlated functions which satisfy the interelectronic cusp condition. The new computational approach allowed for the control of the numerical precision which reached about 8 significant digits. More importantly, the updated theoretical energies became discrepant with the known experimental values and we conclude that the yet unknown relativistic recoil corrections might be larger than previously anticipated. 12.20.Ds, 
I. INTRODUCTION
Theoretical studies of hydrogen molecule is the cornerstone of the molecular quantum mechanics. Due to its simplicity, the achieved precision is the highest among all molecules and still has a potential of significant enhancement. This high precision of theoretical predictions for H 2 leads to improved tests of quantum electrodynamics and improved bounds on hypothetical interactions [1] . Moreover, at the 10 −7 cm −1 precision level the dissociation energy is sensitive to the proton charge radius, which may help to resolve the so called proton radius conundrum [2] . This requires high accuracy calculations of not only nonrelativistic energies, but also leading relativistic O(α 2 ), QED O(α 3 ), as well as the higher order corrections O(α 4 ) and O(α 5 ). In fact, the nonrelativistic energies can already be calculated with the precision of 10 −7 cm −1 , as demonstrated in Ref. [3] . The O(α 4 ) contribution has very recently been calculated [4] using explicitly correlated Gaussian (ECG) functions with 1 + r 12 /2 prefactor (rECG ) that makes the interelectronic cusp condition to be exactly satisfied. Here, we report the results for the leading O(α 2 ) relativistic correction using rECG functions and conclude that the compilation of previous results in Ref. [5] has underestimated numerical uncertainties. We improve the numerical precision by 3-4 orders of magnitude and present in detail our computational approach.
II. COMPUTATIONAL METHOD
In the Born-Oppenheimer (BO) approximation the total wave function is assumed to be a product of the electronic and nuclear functions. The Schrödinger equation for the electronic wave functions in the infinite nuclear mass limit (assuming atomic units) is Hψ( r 1 , r 2 ) = E(R)ψ( r 1 , r 2 )
where
and
with R = r AB and r = r 12 , and where indices 1 and 2 correspond to electrons, whereas A and B correspond to the nuclei. The leading relativistic correction in the BO approximation, is that E rel (R) to the nonrelativistic potential E(R). This correction can be expressed in terms of the expectation value
of the Breit-Pauli Hamiltonian [6] H rel = − 1 8 p 
where we neglected spin dependent terms vanishing for the ground electronic state of 1 Σ + g symmetry. The accurate calculation of the above expectation value is the principal goal of this work. We assume that every rECG basis function contains the 1+r/2 factor and perform special transformation (regularization) of matrix elements, including those with the Dirac-δ function [7] , for improving the numerical convergence. We demonstrate a significant enhancement in numerical precision and indicate that previous numerical results [5] were not as accurate as claimed. In order to be more convincing, we provide results obtained in three approaches: i) direct (no regularization) with ECG, ii) standard regularization with ECG, and iii) modified regularization with rECG functions. To test the convergence of these three different approaches, at first we perform calculations for R = 0, namely for the helium atom, for which highly accurate reference results can be obtained using explicitly correlated exponential functions. Next, the ECG calculations are performed for molecular hydrogen. Comparison of individual operators from different approaches is presented for the equilibrium internuclear distance, namely for R = 1.4 a.u. The most accurate predictions were obtained for the regularization with rECG functions at 53 points in the range R = 0.0 − 10 a.u. Except for our recent paper [4] , there has been no similar study of regularization techniques in literature due to difficulties with two-center integrals involving inverse powers of interparticle distances. In relation to this, we have introduced a novel algorithm for numerical quadrature of non-standard ECG two-center integrals [4] , which enables very efficient calculations of all complicated matrix elements.
III. REGULARIZATION OF THE RELATIVISTIC CORRECTION
In this section we provide regularization formulas for matrix elements with Dirac-δ and p 4 operators in H rel . The latter operator can be regularized according to the two schemes: the standard one, already employed in the past in quantum molecular computations, [8] and the modified scheme, valid in the case of the wave function obeying the Kato's cusp condition.
According to the standard scheme the relativistic operators are transformed into the regular form by the following relations
For the exact wave function ψ, which fulfills the electronic Schrödinger equation (E − H)ψ = 0, the expectation value identity holds ψ| . . . |ψ = ψ|[. . .] r |ψ , since for an arbitrary operator Q, ψ|{Q, H − E}|ψ = 0. For an approximate functionψ, such expectation values do not vanish, but converge to zero in the limitψ → ψ. In practice, the numerical convergence of the regularized form is much faster, so the leading relativistic correction shall be evaluated as
with
The modified regularization is applied when the wave functionψ exactly satisfies the interelectronic cusp condition, as for example the rECG function does. In this case, the action of (14) can also be further employed to simplify the expectation value of the overall Breit-Pauli Hamiltonian (5) by complete elimination of the π δ 3 (r) term
Apart from its compactness, this formula has an additional important advantage which is not readily noticeable. Due to the above cancellations, all the time-consuming integrals with three odd powers of interparticle distances do not appear in the matrix elements with rECG functions. This non-trivial cancellation has remarkable impact on calculations of the relativistic correction.
IV. INTEGRALS WITH ECG FUNCTIONS
The variational wave function
whereî and P 1↔2 are the inversion and the electron exchange operators, can be accurately represented in the basis of ECG functions of the form
or in the basis of the modified rECG functions
(21) Nonlinear a-parameters are determined variationally for every ECG or rECG basis function and linear c-parameters come from the solution of the general eigenvalue problem. The primary advantage of ECG type of functions is that all integrals necessary for the calculations of nonrelativistic and relativistic operators can be evaluated very effectively as described below.
Each matrix element can be expressed as a linear combination of the following ECG integrals
with integers n i and real parameters a. Among all the integrals represented by the above formula we can distinguish two subsets that can be evaluated analytically. The first subset contains the regular ECG integrals with the non-negative even integers n i such that i n i ≤ Ω 1 , where the shell parameter Ω 1 = 0, 2, 4, . . . . These integrals can be generated by differentiation over a-parameters of the following master integral
Each differentiation raises one of the n i exponents by two. The second subset of integrals permits a single odd index
These so called Coulomb ECG integrals can also be obtained analytically by differentiation of another master integral. For instance, when n 1 = −1 the master integral reads
In the standard use of ECG functions the regular integrals with Ω 1 = 2 and Coulomb with Ω 2 = −1 are sufficient to evaluate matrix elements of the electronic Schrödinger equation (1) and thus to perform calculations of the nonrelativistic energy of the ground state in molecular hydrogen. If additionally the analytic gradient minimization is employed, the integrals with Ω 1 = 4 and Ω 2 = 1 are required. Such nonrelativistic calculations have been widely used for many atomic and molecular systems. [9] The molecular ECG integrals, as opposed to the atomic ones, have no known analytic form when two or more n i -s are odd. Such extended integrals originate from regularization of the relativistic operators, for example from V 2 in Eq. (11), or from matrix elements of the nonrelativistic Hamiltonian with rECG basis. The algorithm for numerical evaluation of this extended type of integrals relies on the following relation, which decreases one of the indices by one
The right-hand-side f is understood as the integral f (n 1 , n 2 , n 3 , n 4 , n 5 ) evaluated with the a 1A parameter replaced by a 1A + y 2 . The transformation y = −1 + 1/x converts the infinite integration domain to the finite interval (0, 1) for which an m-point generalized Gaussian quadrature with logarithmic end-point singularity [10] is applied
The W 1,2 are arbitrary polynomials of maximal degree m − 1, w i are weights, and x i are nodes. In terms of this quadrature the integral (27) can be approximated by the formula
This quadrature is very efficient for extended integrals with two odd indices, for which typically only m = 30 nodes allows about 16 significant digits to be obtained. These extended integrals are sufficient not only for all the relativistic operators with the regularization applied to ECG wave function, but also for the modified regularization (16)- (17) of H rel with rECG wave function. Nevertheless, calculations with rECG wave function of the expectation values of the individual relativistic operators involve extended integrals with three odd indices. They can be obtained by the double numerical integration of Coulomb ECG integrals over 30 2 nodes to achieve numerical precision of about 16 significant digits. This two dimensional integration is numerically stable, but time consuming.
V. CALCULATIONS OF RELATIVISTIC CORRECTIONS
Relativistic corrections to the BO potential were calculated according to Eqs. (4), (12) , and (16) . In order to demonstrate the convergence of these three different approaches with ECG functions we compared results at R = 0, i.e. for the helium atom, to the results obtained with explicitly correlated exponential (ECE) functions. Calculations with ECE functions are well known in literature (see e.g. Refs. [11] and [12] ) and may serve as an excellent reference point and a rigorous test of the convergence of ECG results. Numerical values presented in Table I were obtained with 128, 256, 512, and 1024 ECG basis functions. Direct and standard regularization methods were used with ECG functions whereas the modified regularization with rECG functions. We observe a significant enhancement of numerical convergence of relativistic operators obtained with rECG basis. The total relativistic correction with N = 1024 is accurate to 9 digits in the rECG basis, and to 5-6 digits in the ECG basis. A similar enhancement is observed for H 2 at R = 1.4 in Table II , where we compared our results for Dirac-δ functions with those obtained in the ECE basis. The accuracy of the extrapolated value for the total relativistic correction is estimated to have at least 8 significant digits after the decimal dot. In Table III we provide results for the nonrelativistic energy E, for the relativistic correction E rel , and also for all the four individual components of the relativistic correction evaluated at R ∈ (0, 10) a.u. with the 1024-term basis of rECG functions. Our results for the overall relativistic correction E rel for H 2 are estimated to have 8 significant decimal digits.
VI. VIBRATIONAL AVERAGING
In order to obtain the final value of the α 2 relativistic component of the dissociation energy, we solved the radial Schrödinger equation for two potentials. The first potential, used as a reference, is the nonrelativistic (BO) potential E(R) [14] , which yielded the nonrelativistic (BO) energy level E. The second was the potential augmented by the relativistic correction E rel (R), which gave the eigenvalue corresponding to the relativistic energy level E + E (2) . The difference between both the eigenvalues E (2) is the relativistic correction to molecular levels.
To establish reliable uncertainties for the final results we studied two sources of error: the convergence of single point calculations and the polynomial interpolation. As mentioned above, the relativistic correction was evaluated using basis sets of increasing size, which permitted a detailed analysis of the convergence at each internuclear distance (see Tab. II) . From this analysis we estimated that in the vicinity of the equilibrium distance the E rel (R) bears an uncertainty of 7 · 10 −9 a.u. equivalent to 2 · 10 −8 cm −1 . The influence of the density of the points, at which E rel (R) was evaluated, on the accuracy of the final result was assessed by doubling the number of points, which however were calculated only with 512-term basis. As a consequence E (2) was shifted by 5 · 10 −7 cm −1 . The related uncertainty due to the selection of the degree of the interpolation polynomial was also investigated. By changing the degree in the range 5 − 12, we observed changes in the relativistic correction at the level of 10 −7 cm −1 . To summarize, the largest contribution to the uncertainty of the relativistic correction E (2) comes from the limited number of points (and the necessity of interpolation) at which the relativistic potential was evaluated. The final relative uncertainty is assumed to be smaller than 10 −6 cm −1 .
VII. RESULTS AND SUMMARY
Results of our calculations for the dissociation energy and the two selected most accurately measured transitions in H 2 and D 2 are presented in Tables IV and V. The nonrelativistic energy E for H 2 was calculated by solving the full nonadiabatic Schrödinger equation in the exponential basis [3] , whereas for D 2 using the NAPT [16] expansion with the neglect of O(1/µ) 3 terms. All the corrections were obtained within the adiabatic approximation. The relativistic correction E (2) was evaluated and reported in this work. The leading QED correction E (3) was obtained in Ref. [17] , while the higher order QED, namely E (4) in Ref. [4] . E (5) was estimated from the correction analogous to that of atomic hydrogen with the assumption that it is proportional to the electronnucleus Dirac-δ and the related uncertainty was assigned to be 50%.
Our results for the leading relativistic corrections significantly differ from those by Piszczatowski et al. [5] , whose compilation partially relies on the former calculations by Wolniewicz [8] . For example, our relativistic correction to D 0 of H 2 is −0.533 121(1) cm −1 whereas Piszczatowski et al. reported −0.531 9(3) cm −1 . Interestingly, our result is closer to that by Wolniewicz −0.533 0 cm −1 , despite the differences at the level of individual operators. In our opinion, these differences come from the much more accurate calculation of relativistic matrix elements performed here.
Most importantly, our final theoretical predictions for D 0 are now in disagreement with experimental values, in contrast to the previous theoretical results [5] . This disagreement, most probably, comes from the underestimation of the relativistic nuclear recoil correction. We have previously assumed that these corrections are of the order of the ratio of the electron mass to the reduced mass of the nuclei, which for H 2 is ∼ 10 −3 . This might be incorrect, because the nonrecoil relativistic correction is anomalously small. This assertion is supported by the example of helium atom. The nonrecoil relativistic correction to the 4 He ionization energy is 16 904.024 MHz, while the nuclear recoil is −103.724 MHz, so the ratio is 6 · 10 −3 that is an order of magnitude higher than the estimate based on the helium mass ratio 10 −4 . On the other hand, in the separated atoms limit the relativistic recoil correction exactly vanishes. Therefore at present this correction cannot be reliably estimated.
If the relativistic nuclear recoil correction in H 2 is underestimated, the difference between our predictions and the experimental values for D 2 should be smaller than that for H 2 and this is really the case (vide Tables IV and V) . We emphasize that our theoretical predictions should be treated as preliminary until the relativistic nuclear recoil corrections are reliably calculated. In fact, such corrections have already been obtained by Stanke and Adamowicz [19] for purely vibrational states. However, their result for the total relativistic dissociation energy of H 2 (with E (2) = −0.5691 cm −1 ), when augmented by missing higher order corrections, yields D 0 = 36 118.0318 cm −1 , which differs from the experimental value by as much as 0.038 cm −1 , so its numerical uncertainty is out of control. We plan to calculate these nonadiabatic corrections using the fully nonadiabatic wave function in exponential basis as in Ref. [3] or by using nonadiabatic perturbation theory (NAPT) [13] . Certainly, this calculation has to be performed for resolving discrepancies with H 2 experiments.
In conclusion, the former excellent agreement of theoretical predictions with experimental D 0 values was accidental and the improved calculations of the leading relativistic corrections result in a few σ disagreements with experimental values for dissociation energies and transition energies, which most probably is caused by the unknown relativistic nuclear recoil (nonadiabatic) effects in the relativistic corrections.
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